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1 Introduction 


The low energy effective field theory of the string theory has the T-duality symmetry. The 
worldsheet origin of the T-duality is mixing of momenta and winding modes of a string. 
These string modes are generalized to the supercovariant derivatives for a superstring 
which satisfy the affine super-Lie algebra [1]-[3]. Doubling spacetime coordinates makes 
the T-duality manifest [4]-[7]. A manifestly T-duality formulation based on the affine Lie 
algebra in the doubled space was proposed in [7]. The affine Lie algebra determines the 
new Lie bracket or equivalently C-braeket which gives rise to the stringy modification 
of the general coordinate transformation. The generalized geometry proposed in [8] is 
described by the Courant bracket which is reduced from the C-bracket by the dimensional 
reduction. The generalized geometry and the double field theory have been widely studied 
[9]-[15]and review articles are [16, 17]. 

Recently we have proposed a manifestly T-duality formulation for a type II super¬ 
string [18, 19] and the one with the Ramond-Ramond gauge fields [20]. For a type 
II supersymmetric extension of the manifestly T-duality formalism chiral separation of 
affine Lie algebras is an essential problem. We specify chirality as left and right moving 
modes in a two dimensional worldsheet. Chiral currents for a bosonic string in a non- 
abelian background are constructed by the Wess-Zumion-Witten model [21], A group 
element g = g(cr + )g'(cr~) is considered where a ± are the left and right moving two- 
dimensional coordinates. The left moving current is constructed as the right-invariant 
current, d + gg~ l = d + gg^ 1 (cr + ), while the right moving current is constructed as the left- 

invariant current, g~ l d-g = g /_1 <9_</(<7 _ ). However it is known that the local supersym¬ 
metry generator (supercovariant derivative) is obtained from the left-invariant current, 
while the global supersymmetry generator is obtained from the right-invariant current 
for supersymmetric theories. For a type II superstring theory both the supercovariant 
derivative and the supersymmetry generator must have both the left and right moving 
modes, not one for each. Although the chiral separation of the supercovariant derivative 
algebra for a superstring on the anti-de Sitter space is obtained on the constrained surface 
[22], the chiral separation of currents for a superstring in nonabelian backgrounds is in 
general still difficult. 

In our formulation we begin by two independent Lie groups G and G’ which are 
parameterized by Z M and Z M . For a direct product of the groups GxG’ a group el¬ 
ement satisfies g = g(Z M )g'(Z M ') = g’(Z M ')g(Z M ). Therefore the left-invariant and 
the right-invariant one forms contain both the left and right moving modes as g _1 dg = 
g-hlg + g'~ l dg' = J(Z M ) + J(Z M ') and dgg r 1 = dgg~ l + dg'g'- 1 = J(Z M ) +' ~J{Z Tt '). 
This is similar to the nonabelian currents given by Tseytlin [5]. The chiral scalar action 
used in that paper does not preserve the two-dimensional diffeomorphism invariance [23]. 
In our formulation a chiral scalar action preserves the two-dimensional diffeomorphism 
invariance allowing the ^-symmetry for the superstring action. The doubled coordinates 
are chiral fields, Z M (<j + ) and Z M ( a ~). The stringy geometry is governed by the affine 
Lie algebras generated by the chiral supercovariant derivatives. The covariant derivatives 
are still manifestly chiral even after reducing into the usual space by dimensional reduc¬ 
tion constraints, since the dimensional reduction constraints are given by the auxiliary 
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symmetry generators. 

In order to construct a doubled space there are two types of doubling of a group G: 

1. Semidirect product, G —> GxG*: 

A Lie group G is generated by g corresponding to derivative operators which include 
momenta, while another group G* is generated by g* corresponding to one form 
currents which include winding modes. This is a conventional way of doubling 
discussed in for example [24, 8, 33]. It gives the following inhomogeneous algebra 

[0,0] = 0 , [0,0*] = 0* , [0*,0*] = O . (1.1) 

2. Direct product, G—>GxG’: 

G and G’ are independent copy and they are generated by g and g' corresponding 
to the left and right moving modes respectively. They satisfy the following algebra 

[0, 0] = 0 , [0, d'] = 0 , [g\ g'] = g' • (1.2) 

It is straightforward to construct one form currents and derivative operators which 
satisfy (1.1). In terms of them we present a general construction of chiral currents 
satisfying (1.2). This construction requires that the Lie group must have a non¬ 
degenerate group metric and the Lie algebra must have grading by the canonical 
dimension. 

The organization of the paper is the following: In the next section we present a general 
construction of chiral affine Lie algebras generated by the supercovariant derivative and 
the symmetry generator. We begin by a Lie algebra with a nondegenerate group metric 
[27, 28]. It is necessary to include the Lorentz S mn and its nondegenerate partner E mn for 
construction of two independent affine Lie algebras generated by the covariant derivative, 
P m , and the symmetry generator, P m . The Lie algebra is graded by a dilatation operator 
which plays an important role in this construction. Generators of the chiral affine algebras 
include the B held. For a hat background the B held can be written in terms of the 
dilatation operator. 

In section 3 we present chiral affine Poincare algebras in the doubled space and concrete 
expression of generators. A set of dimensional reduction constraints are examined which 
reduce the doubled space into the usual space with preserving the local geometry. We 
present an gauge invariant action for a bosonic string in the doubled space. Then we 
demonstrate that the string action in the doubled space is reduced into the usual action. 
In section 4 we present chiral affine super-Poincare algebras in the doubled space. Then 
an gauge invariant action for a type II superstring in the doubled space is given. The 
super-doubled space is also reduced into the usual space. 

2 Chiral affine Lie algebras 

In this section we present a general construction of two sets of affine Lie algebras generated 
by the covariant derivatives and the symmetry generators. 
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Affine Lie algebras 


particle —> 

T . . , „ covariant derivative V? —> 

Lie algebra G / ~ 

\ symmetry generator V/ —> 


string 

affine Lie algebra 
> 7 (o-) 


Next we double the Lie algebra as a direct product: 


• Doubled chiral affine Lie algebras 

T . . , „ „ „ A 1 covariant derivative 

Lie algebra Ct/ —y Gm, Gm' 

\ symmetry generator 


left right 
t>M(c r+ ) I>M‘'(c r_ ) 


The doubled coordinates manifest chirality as well as the T-duality symmetry. 

In subsection 2.1 at first for a given Lie algebra we construct the left-invariant current 
J, the right-invariant current J, the particle covariant derivative V, and the particle 
symmetry generator V. The derivatives and the currents satisfy the case 1 algebra in 
(1.1). The canonical dimensions of operators are expressed by an eigenvalue matrix of the 
dilatation operator. In subsection 2.2 the general construction of affine Lie algebras for 
the string covariant derivative I>, and the string symmetry generator t>. They are linear 
combinations of the particle derivatives, V, V, and the cr-components of the currents, 
Ji, Ji, with the B held as coefficients. In subsection 2.3 the Lie algebra is doubled. This 
doubling corresponds to the case 2 algebra in (1.2). The way of the doubling gives chiral 
affine Lie algebras. 


2.1 Derivative operators and one form currents 

A Lie algebra is generated by Gi with 

{G I ,G J } = if I j K G K , (2.1) 

where [A, B} = AB — (— ) ab BA is the graded commutator. A nondegenerate group 
metric rju is introduced in such a way that the structure constant fu K with lowered 
indices becomes totally graded antisymmetric 

1 1 

tr(G'/Gj) = 77 /j = -r](u] , fjjx = fu L VLi< = —J[ijk) ■ ( 2 . 2 ) 

We introduce a dilatation operator N whose eigenvalues are canonical dimensions rij as 

[N, G r ] = iN/Gj = imG / . (2.3) 

The Jacobi identity of the dilatation operator, N, and Lie algebra generators, G/s , gives 
an identity 


[N, [Gj, Gj }] + [G z , [Gj, IV]} + (—) IJ [Gj, [N, Gj}} = 0 
=> ~ ^V[J A fi)KL + fu K N k m t]ml = (Al — nj — nj)fuL = 0 (2.4) 
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with 


ni Gj = r) LJ N j K t)kiGl • (2.5) 

The sum of canonical dimensions of a nondegenerate pair is set to be no, and the sum of 
canonical dimensions of the lower indices of the structure constant in (2.4) becomes also 
n 0 


(Nr] + r]N T ) IJ = (m + nj)r)u = n 0 r]ij 

=>■ ni = (n 0 - n/) , (n 0 - n K - n r - nj)f IJK = 0 . (2.6) 

We take no = 2 in order to choose rip = 1 for gpp = 1. 

Particle derivatives of the Lie algebra V j and Vj constructed at first. An element of 
the Lie group g = g(Z) is parameterized by the coordinates Z M . There are two kinds of 
currents which are invariant under right or left multiplicative actions: 

• The left-invariant current and the particle covariant derivative generating the right 
multiplication g 0 —* g 0 g : 

J = g~ l d g = iJ I G I , dJ = — J A J , J 1 = dZ M R M I 
Vj = (R-^-dM , [V/, Vj} = - ifu K V K 

i 

=► d [M R N ) K = (-f^RwR^fj* (2.7) 

• The right-invariant current (Noether current) and the particle symmetry generator 
generating the left multiplication g 0 —>• gg 0 : 

J = ( dg)g~ 1 = iJ ! Gt , dJ = J A J , J 1 = dZ^^M 1 
Vj = (L~ 1 ) I M -d M , \y I ,Vj} = ifu K V K 

i 

<9[m^at) A = — (— ) NI -L^m 1 Ln) J fji K ■ (2.8) 

• Independence of the right and left multiplications: 

[V/,Vj} = 0 -> (OmRn^R- 1 ! 1 = (-) NM (d N L M I )L- 1 I L . (2.9) 

Particle derivatives are extended to the string affine algebra generators; Vj —» V/(cr) 
and Vj —> V/(cr). r and a components of currents are denoted by J 1 = da l J / = 
dr Jq + da J[ and J 1 = drJ^ + da J[. Currents J{ and J[ carry the canonical dimension 
2 — rij, since d a carries the canonical dimension 2 where a' is abbreviated. The indices 
of currents are lowered with ij jj as Jj = J L gu and Jj = J L gu, and they are covariant 
under Vj and Vj respectively. Derivatives and currents satisfy the case 1. semidirect 
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product GkG* in (1.1), where V G g, J( € g* and Veg, ./( e g*; 


( |V/(1), Vj(2)} 

< [V / (l),J/(2)} 

f [V/(l), V,/(2)} 

< [V / (l),J/(2)} 

( [V/(l), V,/(2)} 

< [V / (l),J/(2)} 
1 [V / (1),J 1 J (2)} 


-ifu K V K S( 2 - 1 ) 

-if K i J J?S (2 - 1 ) - iSjdJi 2 - 1 ) 

0 

ifu K V K 5 (2 - 1 ) 

^(2 — 1 ) + iSjd a 5(2 — 1 ) 

0 

0 

-iM I J (2)d a 5(2 - 1 ) 

^i(M-V(2)cW(2 - 1) 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


The a coordinates of the two-dimensional space, ay and o^, are denoted by 1 and 2. The 
commutator between V/ and J 1 and the one between V/ and J 1 include a matrix M / J 
which is defined as 


M/ = (L _1 )/ M i? M J . (2.13) 

It relates the left-invariant and the right-invariant currents, and it also relates the covariant 
derivative and the symmetry generator as 

J i M i k = J k , V/ = M 7 a V^ . (2.14) 

From the relation between currents J and J in (2.7) and (2.8) 

g- 1 Jg = g- 1 {idZ M L M I G I )g = idZ M R M I G I = J => g~ l G ig = M/Gj , 

Mj J satisfies an orthonormal condition as 

Vu = tr (G/Gj) = tr (g^G^g^Gjg) = M^M^^GlGk) 

=> gij = M I L (-) K ^ L+K ^Mj K VLK = M I L (M T ) K j VLK . (2.15) 

The super-transpose of a matrix is given as (M T ) K j = (-) K( - J+K ) Mj K . From now on the 
super-transpose is implicitly imposed. (2.14) together with (2.15) leads to 

Mj P Mj^M K R fpQ R = fjjK , J I J J r)u = J 1 J'gij. (2.16) 

Relations (2.7), (2.8) and (2.9) lead to that M/ J is a function of Z M satisfying 

iV K M T J = f IK L M L J , iV K Mj J = M! L f LK J . (2.17) 
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2.2 Affine Lie algebras and B field 

We construct two independent sets of affine Lie algebras generated by the covariant deriva¬ 
tive and by the symmetry generator. 

• Covariant derivative !>/: 

[>/(l), >j(2)} = -ifu K > K S (2 - l)-irnjd a S(2 - 1) (2.18) 

• Symmetry generator [>/: 

[>/(!), >j(2)} = ifu K > K S (2 - l)+ivud a S(2 - 1) (2.19) 

• The covariant derivative l>j and the symmetry generator !>/ commute with each 
other, 

[> 7 (1),>j(2)} = 0 . (2.20) 

Jacobi identities of these affine algebras (2.18) and (2.19) require the existence of the 
nondegenerate group metric rjjj and the totally antisymmetricity of the structure constant 
f UK in (2.2). 

Let us set the generators of the affine algebras (2.18) and (2.19) in terms of currents 
and derivatives in (2.7), (2.8), (2.10) and (2.11) as 

\>i = Vi + b K i , t>i = V/ + J^bKi ■ (2-21) 

The algebras (2.18), (2.19) and (2.20) give conditions on bjj and bjj: The symmetric 
parts of bjj and bjj are uniquely determined from the signature of the Schwinger terms, 
the term including d a 5(2 — 1), of the affine Lie algebras (2.18) and (2.19), 

b(ij\ = Vij = . (2.22) 

Vanishing the coefficient of d a 5 (2 — 1) in (2.20) leads to 

t>Ki = —bjLMi J M k l . (2.23) 

Vanishing the coefficient of 5(2 — 1) in (2.20) using with (2.16) leads to 

i^7[jbi)K — i^Kbu ~ V LM bM[jfi)LK + fu L bKL = 0 (2.24) 

*V[j|&k-|/) — iS7 xbji — V ML b[j\Lf\i)MK + fu L bLK = 0 . 

A simple solution of bjj and bjj is obtained from the Jacobi relation for Nj J given in (2.4) 
as 

l i 

bia = -Ni L t]lk = 2^ ki Bk 1 ) 

Bik = —(—) IK B k i = -N[ k \ L Vl\i) = 2^ Hk ~ ni )^ IK (2.25) 

bxi = —2 M k L =—-(r]Ki + M k L Mi J B jl ) . 
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In this solution Bjj is constant and Mj J depends on parameters. There is ambiguity in 
solutions of bjj and bjj, which can be interchanged. The generators of the affine algebras 
are given as the followings: 

>/ = V, + \J^N T L r ]LK - V, + \{J?Vki + J*B KT ) 

>/ = V/ -iJXM^N^riMjMS = V I + ±{-J«r, KI + J 1 K B KJ M I J ) 

The B held in the Wess-Zumino term is written as 

B = l -dZ M A dZ N B MN = J 1 A J j bu = J 1 A J r bjj 

BmN = -RM lR N J b[IJ) = -Lm 1 . 

The three form H = dB is written from (2.24) as 

H — dB — i f IJK J 1 AJ J A J K = i f IJK J 1 A J j A J K , 
and it is closed 

dH = \fuKdJ 1 A J j A J K = IJK f 1 lm J L A J M A J j A J K = 0 . 

2.3 “Chirality” from doubling 

Now we double the algebra (2.1) together with the nondegenerate metric (2.2) in the 
second way of doubling in (1.2) GxG’. Indices are denoted by m =(m,m') corresponding 
to the left and right sectors. The structure constant f mn— , the nondegenerate group 
metric, t)mn are extended as follows. Another metric t/mn is introduced to define the 
Virasoro operator. 

G 4 GxG' 

I —> M_ =(M,M') 

fu K ~> Imn— = (/mv L , f m'n’ L = — Jmn L ) (2.30) 

Vij _■ y Vmn = ( Vmn , Vm'n’ = —Vmn ) 

Vu —> Vmn — ( Vmn = Vmn, Vm'n< = Vmn) 

Then we double the affine Lie algebras generated by the covariant derivative (2.18) and 
the one by the symmetry generator (2.19). Doubled affine Lie algebras are given as below: 

• Covariant derivative I >m- 

[^m(I), t>y(2)} = —I>l^(2 — 1) — i yMN_ d a 6(2 — 1) (2.31) 


(2.26) 


(2.27) 


(2.28) 

(2.29) 
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t>iv(2)} — —ifMN L ^^(2 — 1) — ir)MNd a S(2 — 1) 

[I>m/(1), I>at/(2)} = if\iN L t > L '5{2 — 1) + ir]MNd a 5(2 — 1) 
[I>m( 1 ), >n'( 2 )} = 0 


• Symmetry generator t> M : 

[^m(I), ^_/v( 2 )} = i fMN— &L $(2 — 1) + ir]MN_d rT 5(2 — 1) (2.32) 


t>jv(2)} — ifMN L 5 > l^(2 — 1 ) + ir]MNd a fi(2 — 1 ) 

^Af'(2)} = —ifMN L &L'd(2 — 1) — irj MN d a S(2 — 1) 
[>m(1)> >JV'(2)} = 0 


• The covariant derivative l>j and the symmetry generator [>/ commute with each 
other, 


[> M (1), >v(2)} = 0 


(2.33) 


The signature of the Schwinger term d a 8{2 — 1) in (2.31) corresponds to the left or right 
chirality. 

Two-dimensional diffeomorphisms are generated by the Virasoro operators, H r and 
"Ho-. The Virasoro operators and the Virasoro algebras are given by 


H r — 7; b> Mj]——— C> N_ 

H a >N 

[H r {l),H r (2)] = i(H a (l) + H a (2))d a 8(2-l) 
[H a (l),H r (2)] = i(H r (l) + H r (2))da5{2 — 1) 

[Ha(l),Ha(2)} = l(Ha(l)+Ha(2))da8{2~l) 


(2.34) 


(2.35) 


The two-dimensional diffeomorphisms of a function of double coordinates <f>(Z—) are given 
by 


<9 T $ = i[Jda H r , <f>] , da$ = i[fda H„, <f>] 

The two dimensional left and right derivatives are given by 

d ± = l ~(d T ±da) 
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(2.36) 



(2.37) 


=>• <9 + <f> = i[ Jda A, $] , <9_$ = i[Jda A', $] 

A = \{U T + U a ) = 1 -> mV mn I> n 
A' = \{di T — Ha) = \ I >m'V m n ^n 1 

[.4(1), .4.(2)] = i(A(l) + A(2))dJ(2-l) 

[A'{l),A!(2)\ = —i(4/(l) + A!{2))d a 8{2 — 1) (2.38) 

[*4.(1), .4/(2)] = 0 

Therefore the covariant derivatives satisfy the left or right chiral conditions as 

<9_$(Z M ) = 0 : $(Z M ) = (V M , J m , J m , > m ) 

d + $(Z M ') = 0 : $(Z m ') = (Vm', J M \ V M ', >mO 

which comes from chiral property of the doubled coordinates Z— 

d_Z M = 0 = d + Z M ' ^ Z M = Z M {a + ) , = Z M '(0 . 

For example the left-inariant current J^ 1 (a + ) are functions of only a + satisfying the 
Maurer-Cartan equation as 

d+,J M - 3 LJf = J*J*f N k M => d-J+(a + ) = 0 and J M (a + ) = 0 . (2.41) 

Similar relations hold for other currents. 

Let us consider the global 0(n,n) transformation where the number of the dimensions 
of the doubled space is 2n (m runs 1 to 2n). For a bosonic case n is given as sum 

of dimensions of P m , S mn and E mn , n=d+2 x d(d )~ 1) =d 2 where d is the number of the 
momenta. Under the global 0(n,n)9 Om— the covariant derivative (2.26) and (2.30) is 
transformed as 


(2.39) 


(2.40) 


I>M —)■ C>M-t>i , Om—VLk(0 T )—N = f ]MN ■ (2.42) 

Its affine Lie algebra (2.31) is transformed covariantly preserving the structure of GxG’ 
as 


/mat- — > OAT-O W-//j—(0 1 )i£ ± ■ (2.43) 

Under the global 0(n,n) transformation the left and right moving modes are mixed and 
they are no more chiral operators in general. Linder the 0(n,n) transformation the two- 
dimensional a -diffeomorphism constraint, 7G, is inert, but the r-diffeoporphism con¬ 
straint, "Hr, causes the 0(n,n) transformation on the gravitational background fields Ea¬ 
rs 


M^E-L = ( k e t )—a:? ) —E b — (o 1 )— L M—0 K — 
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The 0(n,n) transformation is recognized as the coordinate transformation in the dou¬ 
bled space. An group element g(Z—)—g(Z M )g'(Z M ') = g'(Z M ')g(Z M ) is transformed 
under the right multiplicative action of the 0(n,n) as 

9{Z£) -»> g{ZM) = g{Z“)6 = g{Z“) + 6g{Z“) (2.44) 

z m _^ Z— = Z—On_— . 

Under the right multiplicative action which is denoted as 

A = g-'Sg = (0-1) , (2.45) 

the left-invariant one form J = g~ 1 dg and the right-invariant one form J = dgg~ l are 
transformed as 


8J = dA + {J,A} , 6J = g(dA)g- 1 . (2.46) 

Then the right-invariant one form is inert under the global 0(n,n) transformation, dA = 
0 =>■ 8J_ = 0. Hence the symmetry generator is inert under the global 0(n,n) transfor¬ 
mation which rotates the covariant derivative. 


3 Bosonic string action in doubled space 

We begin with the nondegenerate Poincare algebra including both the Lorentz genera¬ 
tor and its nondegenerate partner [22, 28]. Then it is doubled to construct chiral affine 
Poincare algebras [26, 27] [18]-[20]. Concrete expression of the covariant derivatives and 
the symmetry generators for the left and right moving modes are given. The dimensional 
reduction constraints are examined on its consistency, chirality and the 0(n,n) transfor¬ 
mation. A gauge invariant bosonic string action is presented, and dimensional reduction 
of the doubled space action is demonstrated. 

3.1 Doubled chiral Poincare generators 

Generators of nondegenerate Poincare algebra are given by Gj = (s mn , p m , a mn ) with 
canonical dimensions (0, 1, 2) respectively. The algebra is given as 

dim 0 . S/fc] n\\l] 

dim 1 : [s mn ,pi] = -ip[ m r) n ]i 
dim 2 : [s mn , a lk ] = 

The nondegenerate group metric is 

s p 

s ( 

Vu = P 1 

a V 1 
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The nondegenerate Poincare algebra (3.1) is extended to double affine Lie algebras. The 
covariant derivatives and the symmetry generators with the constant bjj solution in (2.25) 
are given as follows: 

• Covariant derivatives: 


Flat left 


Sm.n. V‘ 



: Flat right 


(yS m 'n', 


I S m ' n ' = V 

/ p 

J i 

\ R m ' = V 


S' 


(3.3) 


= Ve' - Jf 


£ mn =Vs + J S 

Symmetry generators: 

Flat left > M = (■ Smn , Pm, S™') 

s,„„ =V s -(Jf + ^ N , p cpn 


1 jP' 
2 J 1 

S' 


p m = v P - yjr+ e^v 

t mn = V s 

Flat right > M ' = {S m 'n',Pm', £ mV ) 


(3.4) 




N'=S',P' 


r N' jN'\ 
L S' > 


Pm/ 


Vs- + (if + E 

Vp. + + E^Vf’ 




= v. 


Symmetry generators include coefficients which are given from (2.23) and (2.24) as 

E 




c N M j? = Ji B nl M m l , ^ 


'cZ’Ji' = -J?B nil ,M m , l ' . (3.5) 


V n AT+ n M<2 jy, jjy/ 

, 7 V ~ m ~ 1 - 1 - 1 ,^— 1 V± 7 

Nondegeneracy of the algebra requires only one chirality for flat left covariant derivative 
in (3.3) as V,s and Vs + </f, not both Vs and Vs ± Jf. Therefore (3.3) and (3.4) are 
unique representation of the affine nondegenerate algebras (2.18) and (2.19) up to the 
rescaling of currents. 

Rescaled currents with parameters a and (3 satisfy the following algebra modified from 
(2.18) 

[!>/(!), l>j(2)] = —ifij K I>a'<5(2 — 1) — iar]ud a S (2 — 1) 


(3.6) 


as 


Smn V S 

Pm = p - l/2 Vp + Jf 

£ mn =/ 3 -iVs + a/ 3 Jf 


(3.7) 
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and analogous rescaling for another sector. The usual notation of the left and right moving 
modes is P m = I > P + J[ for a — 2, j3 — 1, or P m = -d=( >p + J p ) for a — 1, /3 = 2. 

The Virasoro operators for a bosonic string in a flat space, 1~L T and P a are given by 


Ur = 


1 


1 


1 


_ pm p i pm p ■ q i rim n n 

2^ m T m' i 2 ^ ^mn ' 


n a = ->mv—>n 


11 1 

_ _ pm p _ _ pm' p , _ \pmn n _ _ yim' n' r» 

2 * m 2 m' i 2 ^ ^mn ^ ^ ^r) 


1 —rni'n' 


(3.8) 


They satisfy the Virasoro algebra in (2.35). The two-dimensional chirality is determined 
by the Virasoro operators (2.40). Then a group element for the nondegenerate Poincare 
algebra in (3.1) is parameterized as 

g = g{Z^)=g{Z M {a + ))g(Z M \a-)) 


g(Z M ) = e 5 Vmn °' mn e ix m Pm e ^i 


yM — (n.mn rpTin n . \ 

, Z/ yli , i Umn) 


g(Z M ) = e -^’^ a e lx Pm'e 2 u w , Z M = (u mn , x m , v m > n ') 


.(3.9) 


e- lu '- s 'de iu '- s ' with u-s = \u mn s mn ] 


The S rnn component of the left-invariant current is given by g 1 dg = e lus de tus + 

1-i 
2 

adj, 


e adj u _ 1 

e~ lu ' s de lu ' s =--- idu ■ s = r E~ l idu ■ s , 

adj u 


=adj^ 


(3.10) 


Details are in the appendix A. 

Concrete expression of the left-invariant current J— and the right-invariant current 
J— are obtained as follows: 


Left-invariant currents 
Flat left J M = (J s , J p , J s ) 
js _ e - u de u = ’E~ l du 
J p = e~ u dx 
jt, _ e ~ u (d v + ±[x,dx]) e v 


Flat right J M ' = {J s \ J p ', J E ') 
J s ' = —e u 'de~ u ' 
j p ' _ e u> dx' 


(3.11) 


js' _ e u '(dv' — 1[V, dx'])e u ' 


Right-invariant currents 
Flat left J M = (J s , J p , J s ) 

J s = —e u de~ u 
J p = dx — J s x 
J s = dv — i[x, J p ] + [u, J s ] 


: Flat right J M ' = (J s ', J p \ J s ') 

J s ' = e~ u> de u> 
jp' = dx' + J s 'x' 

J E ' = dv' + |[x', J pl ] + [■ v J" 5 "] 


(3.12) 
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Detailed computation is given in the appendix B. From the above expression it is obvious 
that there is no difference bewteen J p and J p if u is absent. 

The covariant derivatives V M and the symmetry generators Vm are obtained as fol¬ 
lows. 

• Covariant derivatives 


Flat left Vm - (Vs, Vp, Vs) 


V s 

Vp 

v s 


9 U 

( \d x - \x\d v )e u 


e u -d v e u 
% u 


Symmetry generators 

Flat left Vm = (Vs, Vp, Vs) 

Vs = Z- U jd u + [x, \d x ] + [v, \d v 
Vp = \d x + \x\d v 
Vs = \d v 


Flat right Vm' — (Vsp Vp, Vs') 
Vs' = u '\d u / 

Vp/ = (|9 X / + \x’\d v ')e- u ' 
V S ' = -<9,y e~ u ' 


(3.13) 


Flat right Vm' - (Vs', Vp/, Vs') 
Vs' = ^u'\d u ' ~ W, \d x '} ~ K, 
Vp/ = \d x > - 
Vs' = 7 <9,/ 


(3.14) 


In order to distinguish Vp and Vp, m and v are necessary. 

Now let us write down concrete expression of the affine algebra generators, (3.3) and 
(3.4), in terms of (3.11), (3.12), (3.13) and (3.14) as the followings: 

• Covariant derivatives: 


Flat left \> M = (S mn ,Pm,Z mn ) 

Q — ^ If) 

u mn 1 —'u i 

P m = {^- l/2 {\d x -\\xd v ) + ^ 2 d a x)e u (3.15) 

Yfnn _ e -u ^p-iiQ ve u a f3d a e u ^ 

Flat right V M < = (S m ' n ,, P m >, E mV ) 

Sm'n' 

Pm' = (j3~ ll2 (\d x ’ + \\x'd v ’) - f f3 l/2 d a x'^ e~ u ' (3.16) 


^jra'n ' 


e u ' (j3 1 jd v >e u ' + a/3d a e u '^j 
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Symmetry generators: 


Flat left > M = (S mn P m , t mn ) 


! Smn l —'—u ^ •E\m ( 9 X )n] ^[m ( (xd a V 

Pm = r 1/2 (H + \\xd v ) - f/^cU (3.17) 

£ mn = 

Flat right >m' = (5 m v,^',S raV ) 


( Sm’n / ^u' i^u' "F ^[m'( j Or')n'] "F ^[m'| ( j^u')n']Z' "F Oid^V 

Pm' = r 1/2 (l^ - lfx '^0 + ^PdaX' ( 3 . 18 ) 

E mV = /T 1 -^ 


3.2 Dimensional reduction constraints 

In this section the procedure of dimensional reduction of the doubled space into the usual 
space is presented. The doubled space is defined by the covariant derivatives t> M given in 
(3.3). Fields are functions of the doubled coordinates Z-. This enlarged space contains 
auxiliary dimensions which are reduced if we impose the following constraints. 

1. Section condition (strong constraint): 

In the curved space covariant derivative operators are multiplied with the vielbein 
superfield Ea— [27], [18]-[20]. It can be orthonormal in the doubled space 

>a = Ea^m , (E t )^1^Eb^ = V— ■ (3-19) 

The Virasoro operators (3.8) in curved space are given as 

74 = -^aV—^b 

74 = , (3.20) 

and they are set to be zero as Virasoro constraints. 74 = 0 is background held inde¬ 
pendent constraint in the doubled space. Section condition is the cr-diffeomorphism 
constraint 74 = 0 in the second quantized level on all matrix elements as 

74 = 0 =» 74|$) = 0 and (T|74|$> = 0 

or 

d^rjPEd^iZ^) = 0 and dM^{Z—)v— 4v$(Z^) = 0 . (3.21) 

This constraint gives rise to the stringy contribution in the “new Lie derivative” 
[7, 29, 18]. 
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2. Isotropy constraints: 

For a coset group G/H, with G=Poincare and H= Lorentz, Lorentz coordinates are 
suppressed by the isometry constraints [22, 27, 18] 


Q — Q 
^ m.n. 


= 0 


(3.22) 


These isotropy constraints are just particle covariant derivatives in (3.3), Vs = 
Vs' = 0, for a constant solution b LJ in (2.25). It allows gauging away the local 
Lorentz parameters. 


3. Dimensional reduction constraints: 

For nondegenerate pairs of generators ( S mn , E mn ) and (S m > n >, E r ' ^,^^, ), E mn and 
E m 71 are auxiliary dimensions so these dimensions should be reduced. But E mn = 
E m n = 0 cannot be imposed as first class constraints, since they do not commute 
with the isotropy constraints (3.22). Instead symmetry generators can be imposed 
as first class constraints [3, 27, 18, 20] 


Y^rnn _ ^yn n _ q 


(3.23) 


These constraints become covariant derivatives (3.4), and Vs = 0 = Ve = 0 from 
(3.13) and (3.14) for a constant solution bjj in (2.25). It allows gauging away E and 
S' parameters. 


4. Left/right mixing dimensional reduction constraint : 

We also impose further dimensional reduction constraint which mixes the left and 
right sectors to reduce the doubled space into the usual space. Covariant derivatives 
P m and P m i are dynamical degrees of freedom with the Virasoro constraints, while 
one combination of symmetry generators can be used as a first class constraint [27] 


Pm + 7 Pm' — 0 


(3.24) 


A commutation relation between constraints in (3.24) requires the dimensional re¬ 
duction constraints E mn = YP l ' n ' = 0 in (3.23) 

[(Pm + 7 Pm')(P}i (Pn + 7 Pn')(^)\ 

= i(t mn + 7 2 E m , n /)<5(2 - 1) + i( 1 - j 2 )r/ mn d a S(2 - 1) (3.25) 

where the Schwinger term cancels out only for y 2 = 1. If the constraint is chosen as 
P m — P m > = 0 with 7 = — 1 , then the sum of the left and right momenta corresponds 
to the total momentum for a usual space P m + P m >. 

Summarizing the above, dimensional reduction constraints for a bosonic string in the 
double coordinates space are isotropy constraints (3.22), dimensional reduction constraints 
(3.23) and the left/right mixing dimensional reduction constraint (3.24) in addition to the 
section constraint (3.21). 
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The two-dimensional diffeomorphisms are modified with the dimensional reduction 
constraints as 


<9 + <f> = i[Jda + /iS + /IE + fi p (P + 7-P')) > $] 

«9_4> = (.A' + /^' + £'Zy + £ p (P + 7P')) , $] • (3.26) 

The covariant derivatives are still manifestly chiral up to the trivial Lorentz rotation 

d_ t> M = 0 = d + >M> , (3.27) 

but not the symmetry generators in general. 

Now we go back to the T-duality symmetry. Let us examine the global 0(n,n) trans¬ 
formation on constraints. The section condition 1-L a = 0 is inert under the global 0(n,n). 
The dimensional reduction constraints E mn = E m n = P m + 7 P m i = 0 are also inert 
under the global 0(n,n) transformation as shown in (2.46). The isotropy constraints are 
transformed under O ( 11 , 11 ) 3 Om—, so we must impose the consistency condition as 

Smn = S m 'n'=0 , 5 >5 = O >M = 0 . (3.28) 

The dimensional reduction constraints E mn = Y 1 m ' n ' = 0 coincide with E mn = YI n ' n ’ = 0 
in the unitary gauge (3.3) and (3.4). Then analogously to the above 

E mn = E mV = 0 , 51>s = C>s— >m = 0 . (3.29) 

From the orthonormal property an 0(n,n) matrix must satisfies 

Os m = Ox m = Om_ s — Om_ s = 0 . (3.30) 

As a result the survived symmetry is 0(d,d), Opp , which is the T-duality symmetry in 
the usual space. 

3.3 Bosonic string action 

The Hamiltonian for a bosonic string in the doubled space is given by 

OJ — \ U i \ U i ,,mnq , mV q , ~ yimn , ~ ymV 

ri /\ T Tl t ~t /\(j 7L a -f fJj 0) rnn /t *Om' n ' i i 

+F n (P m ~ Pm') (3.31) 

= - ( XtV^- + -V'7^-) + ft— + /f— l>M 

, others = oj . 

/i s ,/i p , pL P = — jl p , others = oj . (3.32) 


with 


z — 


V— 
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An action for the bosonic string is given by 


I 


drda £ , £ = d r Z^--d 2 


'M 


n 



(3.33) 


In this section we obtain an gauge invariant action without specifying a solution for B 
held. From (2.21) and (2.25) we use 


I>M 
I>M 


Vm + J\ bf<M — 
Vm + J\ bj<M = 


2 

Vm + ( r f KM + Bkm) 
M m N (&n ~ JiVkn) 


(3.34) 


and the similar relations for the right sector. In general Mj J = (L~ 1 R)j J is triangular 
matrix from the relation of canonical dimensions. The orthonormality of Mj J leads to 
the orthonormality of Mp P 

SPY, 

Mj J = £ ( 0 * * J => M Pl p,n Mp k Pn rjp m p n = r) Pl p k (3.35) 

E V 0 0 * J 


where *’s denote nonzero elements. The matrices Mp P and Mp P ' are Lorentz rotation 
matrices, and they are functions of only Lorentz parameters with the canonical dimension 
0. The triangular property of Mj J leads to 

P = M P p (P - J p ) + M P S (M S S )- 1 E 

P' = M P , p \P'+ J p ') + Mp/ E '(M S / S ')- 1 E' (3.36) 

V s = i./ | - s '-i/ 1 / '/i / 0 ;-(A/>;' : ) 'E . 

Using (3.34) and (3.36) the Lagrangian becomes sum of the kinetic part £ 0 , the Wess- 
Zumino terms Cwz-, the boundary of the Wess-Zumino terms Cwz-, 0 and constraint part 

£const • 


c 

r 


< 


v 


— £0 + CwZ + £lVZ; 0 + £const 

£ 0 = J 0 p P-±P 2 -kJo p Ji p -id p M P p (P- 

+Jo p, P' ~ Y P ' 2 + W'h P ' + d P Mp, 

r _ 1 / 7 ]V 7 Mr j N f j M' id \ 

>-WZ — — 2 WO j 1 DMN — Jo -h &M'N') 

£WZ;0 = J\] S ~ ^[0 S Jl] S ) 

£ const = -p, S S-p, S 'S'-p? Y-^'Y’ 


-■h P ) 

P \P'+ Ji P ') 


(3.37) 
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by redefining Lagrange multipliers as 


A — A T + A 0 


, A' = A r -A c 


fi s = n s - J 3 + f E , fi 3 ' = //' - J 3 ' + 

f = , (j?' — pP' — (Jq' + /i p Mp/ S, )(M S / S, ) _1 


(3.38) 


Variation of the action with respect to jx p gives the left/right mixed dimensional reduction 
constraint 


P' — P = (P' + J\ P ') — M_ p , p (P — Ji P ) = 0 , M p , p = {Mp, p ')- 1 M P p 


(3.39) 


M p , p is a Lorentz rotation matrix which relate the left and the right spaces where the 
similar matrix is introduced in [25]. After integrating out both P and P' the kinetic part 
becomes 

4) = + . [( jrf - c 2 AA '(Jp) 2 + q(— A + A !)J» + J? + ] + A J^'M P , P 


2(A + A') 


± m,* 1 


(3.40) 


where a and (3 are parameters for normalization in (3.6) and (3.7). Two Lagrange multi¬ 
pliers correspond to the worldsheet metric as 


, h 01 1 w h 01 1 

Oi\ — — 777T H-;-- , OL A — —— H---- 

h°° ^hh°° h°° V 3 hh™ 


(3.41) 


As a result the gauge invariant action for a bosonic string based on the double nondegen¬ 
erate Poincare algebra is given by 


I — / dTdo t C , C — T Cwz + C\ 


£ 0 = f [V^hh i Uj >+ jJ + -e i Uj’ + jJ > - 

^ Cwz = J\ M B M n ~ Jo N J\ M Bm'n ') (3.42) 

\ 

If we impose the simple solution for B field in (2.25), the Wess-Zumino term Cwz is 
cancelled out by the boundary term of the Wess-Zumino term Cwz-, o- For a general 
solution of B field Cwz + Cwz-, o is total derivative terms. 

Taking variation of the action (3.42) with respect to Z— the following first class 
constraints are derived; the Virasoro constraints in (3.8), isotropy constraints (3.22), 
dimensional reduction constraints (3.23) and the left/right mixing dimensional reduction 
constraint (3.24) 

n T = = s mn = s m , n , = t mn = E mV = P m -P m , = 0 . (3.43) 

The gauge invariance generated by the above first class constraints is preserved. 
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3.4 Gauge fixing 

Corresponding to the first class constraints (3.43) we can choose the following gauge fixing 
conditions. For the isotropy constraints (3.22) and the dimensional reduction constraints 
(3.23) 


S mn = Sr, 


= 0 


= E" 


= 0 


the simplest gauge is an unitary gauge 

u m n = u m ' n ' = Q , V mn — V m ' n i — const. 


(3.44) 


Let us introduce two kinds of coordinates as 


X m 


d 

dX m 


V2 


(x m + x m ') 


-J=(d x m + d x m>) 


Y m = 
d 

dY^ = 


(x 


V2 

Y(d x 

■y? 



^x m ') 


(3.45) 


where A" m and Y m correspond to the usual space coordinate and the dual coordinate 
respectively. The unitary gauge (3.44) allows J s = J s =0, Vp = V P , Vp = 
Vp', J p = J p and J p = J p . The momentum operators are rewritten from (3.17) and 
(3.18) in the unitary gauge in terms of X m and Y m as 


( 


Pm T Pm' 
Pm. Pm' 


\/2 0 
~T dX m 
V2 d 
~TdY^ 


■ H— —d a Y m 

V2 

+ -^=d a X m 

V2 



V2 d 

1 0 

Pm “1“ Pm' 

i dX m 

- —d a Y m 

y/2 


V2 d 

1 

Pm Pm' 

i d Y m 

- — d a X m 

V2 


They become the usual “dual coordinate relation” P m ± P m > d,jY m — e^d^X 111 in a flat 
space. Contrast to the conventional relation d % Y m — e^d^X™ = 0 [4, 5], we set only one of 
them to be zero, P — P' = 0. This is the left/right mixed dimensional reduction constraint 
which allows the following gauge fixing condition on Y m . 


Pm Pm' 


y/2 d 

~TdYm 


-^-=d a X m = 0 =* d a Y m = 0 

V2 


Then the momentum operators become 


{ 


P 

1 m 

Pm' 


y/2 i dX m 
1 ,1 d 


V2 idX™ 


d a X m ) 

d a X m ) 


Pm + Pm' 


Pm Pm' 


V2 d 

i dX m 

0 


(3.46) 


(3.47) 


where P m and P m > are the left and right moving modes in the usual space and the P m + P m > 
is the total momentum of the space. 

The section condition (3.21) becomes simpler in the unitary gauge 


K ( 7 w + \ d ^A w + \ d ° xr = = 0 


(3.48) 
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where ~ uses the local Lorentz constraints (isotropy constraints). A solution in the second 

— I Y-daX 

quantized level of (3.46) is given by \l/(Ai, Y) = e 2 J <1>(X). The section condition 
reduces to the usual a diffeomorphism constraint (3.48) in the simple gauge (3.46) as 

^r m 3 ff I m $(I) = 0 . 

There is another simple gauge u — v! in such a way that M p , p = 1, which gives 
J p± = Jf ± jf. In the unitary gauge u — u' — 0 they become very simple with the 
usual space coordinates (3.45); jT + = d\X and J p ~ = djY. The Lagrangian for a bosonic 
string in an unitary gauge u = v! = 0 is rewritten as 

£ 0 = dX A *dX — dX A dY . (3.49) 

The second term in (3.49) including the dual coordinate is a total derivative in a flat 
space. This term gives the first class constraint id y m — \d c X m = 0 in (3.46). Further 
simple gauge for the section condition (3.21), Y m = 0, the action reduces to the usual 
bosonic string action. 


4 Superstring action in doubled space 

In this section we construct an gauge invariant action for the type II superstring in 
the doubled space. At first we present the chiral affine super-Poincare algebras. The 
dimensional reduction constraints are extended for a supersymmetric case. Then we 
write down an gauge invariant action without using a specific solution of ZTfield. 


4.1 Doubled chiral super-Poincare generators 


For a superstring we use a nondegenerate super-Poincare algebra generated by Gi = 
(smn, d P) p m , u^ , <j mn ) with canonical dimensions (0, 1, 2) respectively. The 

algebra is given as 

dim 0 . [S mn , ^^l[k\[m^n]\l] 

£ 

dim 2 • d/J -{d^/mn)^ 

dim 1 : [s mn ,pi] = -ip[mVn]i , {d^d u } = 2p m ^ m llv (4.1) 

'i 

dim g j 2 (y n ca )^ 1 

dim 2 : [s mn , a lk ] = -id^ n a n] l] , {d^,uj u } = ~a mn ('y mn Y P , \p m ,p n ] = icr mn . 

The nondegenerate group metric is 


Vu 


s 

d 

P 

u> 

a 


1 


d p u> 



-1 


i \ 

/ 


(4.2) 
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The nondegenerate super-Poincare algebra (4.1) is extended to double affine Lie alge¬ 
bras. The covariant derivatives and the symmetry generators (2.26) are given as follows: 

• Covariant derivatives: 


Flat left 


Flat right 


>M = (■ Smn , Dp, P m , W, E m ") 


Q 

u mn 

D, 

P 

1 m 

W 

Y^rnn 


= V S 

= <7d -\J? 
= Vp + \J( 
= Vn + f J? 
= V s + Jf 


>M' = ( S m 'n', Dp,, P m ', W, £™ V ) 

*S'm'n' V S , 

Dp, = Vd, + \J\ V 
< Pm' = Vp, - | Jf' 

W = Vn' - f Jf 
£ m ' n ' =Vw- Jf 


(4.3) 


Symmetry generators: 


Flat left t > M = (. S mn , Dp, P m , £ mn ) 


< 


Pmn 

A. 

Pm 

^ynn 


= Vs - (J? + E 
= V D + f (Jf 

= w - i ( j; 

= Vn - i(t D + 

= V E 


N=S,D,P,n s 1 ' 


^Jf) 


’PsN=S,D,P 

p 1 V c£jf 

Z—jn=s,d p 1 


Flat right > M ' = (Sm'n', Dp,, P m ,, Q 1 '' , £ mV ) 
Sm'n' = V S ' + (Jf + V cf Jf 

D v 1 Z-^N'=s',D',p',n' s 1 


< 


Dp, 


Pm' 

^yn f n f 


= v D . - f (if + 

= Vp '+k y + E 

= Vn. + l(Jf' + 4 , 3 ?) 

— Vs' 


V cEj; 

Z-^N'=S',D',P' D 1 


N'=S',D' 


N' JN'\ 
S' > 

N' jN' 
D' J 1 

c%Jf) 


(4.4) 


Coefficients cf in symmetry generators are determined from JfftjvM terms in (2.23) and 
(2.24) and they are functions of super-coordinates with canonical dimensions nM + % — 2. 
From the nondegeneracy of the group (4.3) and (4.4) are unique representation of the 
affine nondegenerate algebras (2.18) and (2.19) with the superspace metric (4.2) up to 
the rescaling of currents. Rescaling currents with parameters a and /3, in such a way that 
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they satisfy the algebra (3.6), is given as 

( 

Smn ^S 

D „ = P~ : 1 / 4 V fl - \ap/ A 

< = r 1/2 Vp + J[ ■ (4.5) 

W = /T 3 / 4 Vn + | 

S mn = ^-ly E + a j3 js 

The same rescaling is done for other sectors. 

4.2 Superstring action 

In this section the supersymmetric extension of the section 3 is presented. The dou¬ 
bled space is defined by the supercovariant derivatives t> M which are given in (4.3) and 
parameterized by doubled super-coordinates Z—. This enlarged space contains auxiliary 
dimensions which are reduced by a set of first class constraints as same as the bosonic case: 
1. the section condition (strong constraints), 2. isotropy constraints and 4. Left/right 
mixing dimensional constraint are the same as before. Only the condition 3. dimensional 
reduction constraints for fermions are added. 

3. Dimensional reduction constraints: 

In order to describe correct physical degrees of freedom unphysical dimensions intro¬ 
duced by nondegeneracy of the group are eliminated. In order to preserve isotropy 
constraints and the K-synnuetry, symmetry generator currents are chosen to be con¬ 
straints to reduce auxiliary dimensions as[27, 18, 20] 

>m = 0 for tim > 1 ^ S mn = YI n ' n ' = CP = = 0 . (4.6) 

For superstrings the Virasoro constraints are extended to the ^-symmetric Virasoro 
constraints ABCV constraints [2, 22, 20] as 

A = \p m P m + WDp + ±Y. mn S mn = 0 (4.7) 

^ = Pmin m DY - is mn {i nn siy = o 

Cp, = D tl D v + j.S mn P l { 1 mra )^ = 0 
V m = D'y m d a D + *E mn S fd P l = 0 . 

i 

The same set of constraints for the right sector. First class constraints for a type II super¬ 
string in a flat space are ABCV constraints (4.7), isotropy constraints (3.22), dimensional 
reduction constraints (3.23) and the left/right mixing dimensional reduction constraint 
(3.24) 

A = B = C = V = S mn = t mn = & = P m - P m , = 0 
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and the similar constraints for the right sector. 

The Hamiltonian for a type If superstring in T-duality covariant form is given by 


n = xA + x^ + x^c^ + x m v m + p mn s mn + ~p^ + p mn t mn 

+X'A + x^' + x^'c^ + x m 'v m t + n m ' n 'S m , nl + /v^' + iXm'n'V 
+F n (Pm - Pm') 


(4.8) 


rs f \ , \ ^MN , \ „MN\ rs i ,,JM|S I rM IS 

— - L^Mf'Vh-+ A a r] -+ A • p^-^J L>JV + P—L>M + P— 


with 


pM = 


P- = 


^p 5 , p s , others = oj . 

(p s , p E ' ,jd n , p n ', p p , p p/ = —p p , others = 0^ . (4.9) 

The matrices p££. are nilpotent metrics introduced to represent PCD constraints[18] 

(p^f t >M >N = B\ ( P MN )^ t>M >iV = C, u , ( p MN ) m I > M >N = V m 

and the similar relation for the right sector. An action for a type II superstring in the 
doubled space is given by 


I = 




dr da £ , £ = d r Z—~d M — % — J—V 


M 


n 


(4.10) 


case. From the 


J 

The analogous relations in (3.34) and (3.35) hold for a supersymmetric 
triangle property of the matrix Mj J they are rewritten as 

P = M P p (P- jf) + M P n (Ar 1 )n n ((M- 1 )n S + M P s (Ar 1 ) s s ) E 
P = M P A\P' + JP') + M P P(M-%P fi' + + MpA\M^r)- 1 ^ E' 

= \{Ji D ~ J 1 ^ n ) + (M- 1 ) n n n + (M- 1 ) n s E 


V s = - Ji K B K r) + (M _1 ) s s E . 

Then the Lagrangian is rewritten 


(4.11) 


£ — Co + Cwz + £-wzp + £ const (4-12) 

£ 0 = J 0 P P - fP 2 - - p P (Mp p (P - A p ) - A/ P i p, (P' + J! p ')) 

+J 0 P 'P' - t P ' 2 + WJi P ' + pD + p'£>' 

^ £wz = —\(Jq N J\ M Bmn ~ Jo N J\ hI B M i N >) 

r — l/"7 St Si t Cl t D t S' j S' t Q' j D'\ 

L-WZfi — 2^1° "T ' ~ > 

£ const = p-D + p’ -D’ -p S S~p S 'S' 
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by suitable redefinition of the Lagrange multipliers similar to (3.38) except p’s 


P = Jo D ~ AU - f - X^p^D - X m p m d a D 

(4.13) 

p' = J 0 V - \’n> - - X^'p^D' - X m ,p m 'd a D' 

The first class constraints BCD are included in p ■ D and p' • D' terms in £ const . 

In order to compare it with the Green-Schwarz action we use the second class con¬ 
straints Dp = Dp> = 0 instead of first class constraints BCD = 0. The kinetic term 
becomes the same as the bosonic one £ 0 , while the Wess-Zumino term includes bilinears 
in the fermionic currents. We impose the fermionic second class constraints in addition 
to the first class constraints D M = D^ = 0. The resultant gauge invariant action for a 
type II superstring in the doubled space is given by 


where 


/ = 


drdcr £ , £ = £ 0 + Cwz + £ 


WZ;0 


r _ a/3 

— ~T 


y/~hh ij J r+ J v+ - e ij J v+ J v - 

i 3 i 3 


< 


c 




_ a/3 / t N T M R T N' T M' r? 

— — TWO &MN ~ J\ -D 


M'N'j 


(4.14) 


r / t s 7 s , i n t d t s' t s' t n 't d’\ 

L-WZ-fl ~ —\ J[0 J 1] + -'[O <A] — J[0 Jl] ~ -'[O <A] ) 


M p , p = (M~ 1 ) P i P ' M P P . (4.15) 


The normalization parameter a/3 given in (3.6) and (3.7) is natural to set a/3 = 2. The 
Lagrange multipliers p and p' are 

p = J p - XD , p’ = J p ' - A'O' . (4.16) 

Taking variation of the action (4.14) with respect to the super-coordinates Z— the fol¬ 
lowing first class constraints are derived; the fermionic second class and the ^-symmetry 
first class constraints, Virasoro constraints in (3.8), the isotropy constraints (3.22), di¬ 
mensional reduction constraints (3.23) and the left/right mixing dimensional reduction 
constraint (3.24) 


3~t r 3~Lrr £// Dpi S mn S’m'n' 0 

O^ = n IJ ' = TT n = £ m ' n ' = P m - P m , = 0. (4.17) 

Type IIA or IIB is determined by the gamma matrix chiral projection obtained from the 
algebra between supercharges Dp and Dpi and the total Lorentz charge (S — S ') mn . 

Under the global 0(n,n) transformation, S mn and £ mn components of the 0(n,n) 
matrix are treated as same as the bosonic case (3.30). Its fermionic components, Dp and 
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iV 1 , involve the Ramond-Ramond dimensions Y /t! / and F'" 7 introduced in [20]. This issue 
will be discussed in another paper. 

In the simple solution for B held in (2.25) the Lagrangian becomes 

C = - \j?3^) (4.18) 

If further simple gauge M p , p = 1 and the constant B held are used, then it reduces 
into the (p, g)-brane action proposed by Sakaguchi [30] which is obtained from the central 
extended superalgebra. The manifest SL(2) S-duality is proposed into the (p.q )-brane 
action [31]. The manifest S and T-duality action will be unified in the F-theory [32], 
With the gauge hxing condition = 0 and ignoring the surface term, it reduces to the 
usual Green-Schwarz superstring action. 

5 Conclusions 

In this paper we have presented general construction of chiral affine Lie algebras generated 
by the supercovariant derivatives and the symmetry generators for a type II superstring. 
The covariant derivatives and the symmetry generators have the general form given in 
(2.26) where the B held is determined from the relation (2.23) and (2.24). There is a 
constant solution of the B held (2.25) where the nondegenerate group metric and the 
dilatation operator play essential roles. 

The obtained covariant derivatives and symmetry generators become chiral by dou¬ 
bling the Lie group. Chirality is manifest in the doubled space; each coordinate is a 
function of only the left or right moving coordinate in a string worldsheet as Z M (a + ) 
and Z M (&~). Nondegeneracy of the group gives the unique chiral representations. The 
supercovariant derivatives are manifestly chiral even after the dimensional reduction into 
the usual space. 

The doubled space is reduced into the usual space by a set of dimensional reduction 
constraints. Auxiliary directions introduced for the nondegeneracy of the group are re¬ 
duced by using symmetry generators, since symmetry generators commute with covariant 
derivatives. So the local geometry governed by the covariant derivatives is preserved un¬ 
der the dimensional reduction. Therefore the local geometry of the doubled space with 
manifest T-duality is preserved. 

Gauge invariant actions for a bosonic string and a type II superstring in the doubled 
space are obtained in (3.42) and (4.14) respectively. The resultant actions include the 
kinetic term, the Wess-Zumino term and the boundary of the Wess-Zumino term. There 
exists the winding mode contribution through the term J v+ A J v ~, which can be gauged 
away by the constraint. 

T-duality transformations on branes in the doubled space and the M-theory and the 
F-theory extension will be interesting issues. 
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Appendix 

A Composition formula 


We first recall the composition formula valid for small t 

e tA e B = e B+tc \ C + = ^b n ([B,-) n A = ^\(adj s )C4, 

n=0 n =0 

e B e tA = e B+tC ~, Ch = ^(-)"6 n (adj s )M, (A.l) 

n =0 

£ Mr = F^T'E Mr = 5i£l’ E m " = T- (a ’ 2 > 


7*=0 


r=even 


r—odd 


K - i, h - - 1 , h -4, 4s - 0 , 64 - -A,... 

where in the first line ([B, —) n A = (adj B ) n A means the n times commutation operations 
between B , as [B, [B, ...[B, A]...]]. Consider a operator relation for small t 


e tA e B = e°, C — C 0 + tC^ + -C 2 + ... 


(A.3) 


At t — 0 Co = B. By taking t derivative 


.1 

e tA Ae B = I dse sC (C 1 +tC 2 + ...)e {1 ~ s)c 
0 


(A.4) 


and put t — 0 


.1 


„sB /~i ~—sB 


A = I dse sB C x e 
' 0 


ds{C\ + s[B, Ci] + — [B, [. B , Ci]] + ...) 


— Ci +~[B,Ci] +—[B,[B,Ci]] +... - ^ ^ 


(n + 1)! 


(adj B )"Ci . (A.5) 


n =0 
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The solution Cj is found in the form 


C, 


y^6n(adj B )M. 

n=0 


Put it back into (A.5) 
1 


A = 


E(^T7)T (adjB) "E Madj 

n =0 k =0 


Bj 


VI = 


(n — k + 1)! 


(adj 


B 


n =0 k =0 


From here we find 


r— 1 


6 0 = 1, and b r = — ^ ^ -- 


fc + l)! 


, (r- = 1,2,. 


k=0 


The latter is solved recursively. 


b 0 — 1, 6i =-, b 2 = —, bo = 0, =-, 

u ,i 2 12 720 

We make a generating function 


G(t) = ^ 


r—1 


oo oo 


b r t V = bn- 


E r E 


= l- 


r=0 r=l /c=0 fc=0 r=fc+l 


oo oo 


= 1 - 


£S+fc+l Jj k 

(s + 2)! 


= 1 


/c=0 s=0 

From this we can solve G(f) as 


E 


s=0 


t 


s+1 


( s + 2 )! 


G(t). 


G(t) = 


e 1 1 + I + It + 


The coefficients b n is found by 


b n = lim ~(d t ) n G(t). 
t—>o n\ 


Thus the solution of (A.3) is 


Ci = 


^ b n ( adj s )" A = C(adj B ) A = 


(adj 


B) 


g( a dj_s) — 


A 


n=0 


(A.6) 

) n A (A.7) 

(A.8) 

(A.9) 

t r b k 

-k+ 1)! 

(A.10) 

(A.ll) 

(A.12) 

(A.13) 
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b n is related to the Bernoulli numbers B n by 


, B n 
b n = —r- 
n\ 

More generally the Bernoulli function B n (x) is dehned by 

OO 

t e tx 


G(t,x) = 


Et n 

-B n (x). 


n =0 


(A.14) 


(A.15) 


B Nonlinear realization of nondegenerate Poincare 
groups 

The left-invariant one form for a Lorentz group is calculated as follows. Using an ab¬ 
breviated notation u ■ s — hu mn s mn , the canonical dimension zero part is given g _1 dg = 


e~ iu ' s de iu ' s = dt e~ itu ' s idu ■ s e itu ' s 

J o 

= idu ■ s H —[—iu ■ s, idu ■ s\ H —-[—iu ■ s[—iu ■ s, idu ■ s]] + • • • 
2 3 . 


e »dj„ _ l 

- idu ■ s = , E'7 l 1 idu ■ s 

adj. u 


(B.l) 


i 1 is an inverse of 5 which is given by 

adj u 


e adj u _ l 

expressed by the Bernoulli number B n as 

g 

ei - 1 


. adj u A = [■ u , A] 


qTI 


(B.2) 


(B.3) 


Bo — 1) B 1 — B 2 — B 3 — 0, £>4 — — —, • • •, B 2 m+i -0(m/ 0) 


b qU _ q e<J +1 b — 

/ -Jn=eve n n n! 9 pQ — 1 Z——/ n=odd n n I 


n\ 2 e q — 1 


q q 
~n\ ~ ~2 


The resultant left-invariant current and right-invariant currents of doubled nondegen¬ 
erate Poincare algebras are followings: 



• Left-invariant currents 


Flat left J M = {J Smn , J Pm , P mn ) 

jSmn = ( e -u)ml d ( e uyn = {^~ l ) ml du ln 

J Pm = {e~ u ) mn dx n 

J mn T [idx^j ) (e ) kn 

Flat right J M ' = {J s ' m ' n \ J p ' m \ P' m , n ,) 

n u r \m'l' ,1 (si—u' \l'n' 


J s ' 


J 


P'm! 


= e 


e“ )"'' d(e 

u' \m' n' n' 


X'm'n' = (e u ') m,, '(d.v', v - ix' t if,dx' el )(e 


(B.4) 


Right-invariant currents 


Flat left J M = (J Smn , J Pm , P mn ) 

jSmn = _( e ujml d ( e -uyn 

jPm _ dx m _ J^ mn X n 

J mn d,V mn 2 X[m J n] T V[m\lJ l\n] 

Flat right J M ' = ( J S ' m ' n ', J P ' m ', P'm'n') 

jS'm'n' = ( e -« , )m , i'd( e « , )JV 

jP'm' _ dx frn ' -f- J^' rn ' n 'x fn ' 

tS / 7 f 2 / jP' / jS' 

J rn'n' = dV rn'n' T 2 ^ [ m '\l'" l’\n'] H~ V \m'\l'J l'\n'] 


(B.5) 


They satisfy the following Maurer-Cartan equations. 
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• The Maurer-Cartan for the left-invariant currents 


Flat left 

dJ s + J s AJ s = 0 
dJ p + J s AJ p = 0 

dJ s + J S AJ S + A J s - J p A J p = 0 
Flat right 

dJ s ' - J s ‘ A J s ' = 0 
dJ p ' - J s ' A J p ' = 0 

dJ s ' - J s ' A J s ' - J s ' A J s ' + J p ' A J p ' = 0 
The Maurer-Cartan equations for the right-invariant currents 
Flat left 

dJ s - J s AJ s = 0 
dJ p - J s AJ p = 0 

dJ s - J s A J s - J s A J s + J p A J p = 0 
Flat right 

dJ s ' + J s ' A J s ' = 0 
dJ p ' + J s ' A J p ' = 0 

rfJ s ' + J s ' A J s ' + J s ' A J s ' - J p ' A J p ' = 0 
where Lorentz indices are contracted with nearest neighbor indices. 


(B.6) 


(B.7) 
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